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"By Kenneth Margolis _ _
SUMMARY.

On the basis of linearized supersonic—flow theory, the 1ift end
damping in roll have heen eveluated for famillies of thin sweptback
tepered wings with reked~in and cross~stream wing tips. Equatlions were
derived for wings that are wholly conteined within a boundary formed by
the Mach lines, that is, wings with subsonic leading edges, supersonic
trailing edges, and supersonic wing tips. Consideration was glven to
some classes of wings wlth subsonic 'brail:Lng edges and subsonic wing
tips.

Design charts are presented which permit rapld estimation of the
lift—curve slope CI'cx, and the damping-in-roll derivative C%. Some

1llustrative variations of the derivatives wilth aspect ratio, '!;apér
ratlo, Mach number, and leading-edge sweep are also presented and com~ =
pared with corresponding data for wings with streamwise tips. e

INTRODUCTION

A number of papers dealing with the stabllity derivatives of
various isolated wing configurations have been published to date (for
example, references 1 to 8). The present paper considers the 1ift~—
curve slope GLm and the damping-in-roll derivatbive Clp for certain

plan forms not yet treated in debail. )

Equations and formulas, which are subject to the usual restrictions
and limitations of linearized thin-eirfoll theory, are derived for the
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117t and demping in roll of sweptback tapered wings with reked—in and
cross~-stream wing tips at supersonic speeds. The results are applicable
to wings with subsonic leading ed.ges s supersonic trailing edges, and
supersonic wing tips. '

Calculations are presented in the form of design charts for families
of wings with (a) raked—in wing tips, such that—the inclinatione of the
tilp and trailing edge from the free—stream directlion are equal, and
(b) cross—etream wing tips. Approximations for certaln types of subsonic
“trailing edges snd subsonic wing tips are included in order to extend the
range of design paremeters umder consideratiom, ~ Some illusbrative vari-—
atlons of the derivatlves with the parameters — Mach number, aspsect ratio,
taper ratio, end leading-edge sweep — are also presented and compared
with results for streamwise—tip wings.

SYMBOLS

X,¥2 Carteslan coordinates

v . flight speed

o angle of attack

P,q,T angular velocities sbout X—, Y—, and Z-exes, respectively

M free—stream Mach number (V/Speed of sound)

B = \,MQ -1

K Mach angle (arc tan %)

€ engle between leading edge end axis of wing symmetry
(See fig. 1.)

o) engle between trailing edge. a.nd axlas of wing symmetry
(see fig. 1.)

o rake sngle of wing tip (See fig. 1.)

tan ¢
tarr @

ml = = B Cot_A
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m, = ten & _ .
tan p 1—(1—7\,5)03
my = tan ¢
tan u
A sweepback angle of leading edge (90° — ¢)
6o = cot A= tan ¢
=
K 6%
b wing span
Cp wing root chord
® goomstric parameter of wing
26,8, _ 8my
b
16) m
8B(L + Ag)[2 + yf1 - 52223
AB(1 + Mg )F(mp + my)
S wing area
A aspect ratio (b2/S)
Mg taper—ratio parameter (ratio of tip chord to root chord
based on fictional wing with streemwlse tip; see
fig. 1)
AP local pressure difference between lower and upper surfaces
of airfoil, positive in sense of 1ift
fo! density
CP pressure coefficlent AP

1 2 -
29
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5 . _.

E'(ml) complete elliptic Integral of second kind with modulus k;

x/2
f \11 — k°sin?z dz
0

1
* ) )
F'(ml) complete elliptic integral of first kind with modulus k;
f:r/e i
0 41 — k°gin?y |
2(1 - m12)
I(ml) =

(2~ m%)m" () = 7' (m)

L 1ift
! rolling moment
Cr, 118t coefficient L
L w2
= pVes
2
!
Cy rolling-moment coefflcient I 2
= pV=Sb
2
C = —
Lo dct o3>0
3¢,
CZ = —
P |y
2v/ b
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All angles are measured in radiens. Subscripts o and p when
used outside of parentheses refer to 1lift and roll, respectively.

ANATYSTS

Scope

The general type of sweptback plan form treated in the present
paper 1s sketched in figure 1. For convenience, the trailing-edge
eangle & and the rake angle o are restricted to acute angles. The
orientation of the wing with respect to a body system of coordinate
axes used in the analysis 1s indicated in figure 2(a). Figure 2(b)
shows the wing oriented wlth respect to the stability axes system. To
the first order in o (the angle of attack), the derivatives Oy,

and CIP have the same values In the stebility system as they do in
the principal body axes system (shown dashed in fig. 2(b)).

The analysis 1ls based on linearlzed theory and is limited to wings
of venishingly small thickness that have zero camber and are not yawed
with respect to the stream direction. The derivatives sre exact (within
the bounds of linearized theory) for the range of supersonic speeds for
which the wing leading edge is subsonic end the wing trailing edge and
wing tip are supersonic. (An edge 1s termed “subsonic" if the stream
component normal to the edge is subsonic and is termed "supersonic® i1f
the normal component 1s supersonic.)

These condltions impose limitations on the angles ¢, 5, and p
(that is, € <p, & >, and o > u) that may be expressed as follows:

mg >1 A
BA(1 + 1) § \ (1)
BA'(1 + ng) + M1 = 2g) cms
where
160 myms

A+ An(1 -

@ ;, hg) “(mp + m3)am

At =
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Consideratlion is given to some plan forms with subsonic wing tips
and subsonic tralling edges. Approximatlons for the conditlion of sub—
sonic wing tips are obtained by use of-reference 7 and approximations
for wings with subsonic trailling edges are based on modifications of
both reference 9 and soame unpublished work by F. S. Ribner of the
Lewls Flight Propulsion ILaboratory. The numericel results presented
Incorporate these corrections wherever practicable, although the mathe—
matical equations developed in the present paper apply specifically to
plen forms satisfying the restrictions imposed in equation (1).

Baslic Considerations

The evaluation of the derivatives CI'a and Czp involves essen—

tially a knowledge of the lifting-pressure distribution over the wing
aggociated wlth angle of attack for C;, and with rolling for Czp.
(o

Consider the triangulsr wing sketched in figure 3(a). IFf the
trailing edge is cut off from the tip to the center line along an angle
always greater than the Mach angle, the pressure distribution over the
remalning portion of the wing will be unchanged. This fact arises from
the nature of the supersonic flow in which dlgturbances are confined
wlithin the Mach cone from the origin of the disturbsnce. The afore—
mentioned cutting procedure produces therefore a serles of sweptback
tapered wings having pointed tips (see fig. 3(b)). The plan forms
under consideration msy now be obtained by cutting off the pointed tips
along lines having angles greater than the Mach angle (fig. 3(c)).

The pressures over the remalning portlon of the wing are exactly the
same as 1f the cutbacks had not been made; that is, the pressure at

peint (xo ,yo) for example, remasins unchanged.

The appropriate pressure coefficlent for the evaluation of the
lift—curve slope CLOL may be obtalned from conslderation of refer—

ences 10 and 1l and is expressible as: _

L
(Cp)y = - o (@)

L CVE s
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The pressure coefficlent for rolling is derived In reference 12 and
is as follows:

2p 6021(1111) xn

UI—TF

The stability derivatives Cry and C'LP are then obtalned by
performing the indicated operations:

(3)

A

1 9 .
woETg [ 3
2v

where the integration is performed over the complete wing.

Lift—Curve Slope Cr,

The particular form of the lifting—pressure coefficlemnt (constant
pressure along lines 1 = Constant — see egquation (2)) suggests the
polar-integration procedure for the derivation of CI,“. Thus, the

wing is considered as composed of an infinite number of elemental tri—
angular areas (see fig. 4). The 1ift is then determined for each tri-—

enguler area and the results summed by integration as indiceted in
equation (ka).

The following geocmetric relationships wlll prove useful in setting

up the integrel and may be readily derived from information given in
figure 4. For wing region TOD,

e |
X] = —————
Tp — T
Cr0s
dyy = —— dy > (5a)
Do = Ty
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For wing region TOG,
-
b [T 4 T3
¥ =
20\ mn + m3
b ml + m3
= 6. dn = — —_ ] g b
dyy = %16, dn 9<m1ﬂ+m3 n > (5b)

as =

-

2
2 fm +m
b 1 3
= dy d
2 1 V1" g (mln + m3) 1

J

Equation (la) may now be rewritten as (see fig. 4 for informstion
pertinent to integration limits)

4o, c:reme2

SE*(my)

C =

e

an +
(mp — TIE1)2\Jl - 1°

bz(ml + m3)2

SE(m)

M

(6)

dn
(mpn + m3)2\,l -2

me ml+m3—m
J£<m2+ml+n3:;)



Integratlion and simplification ylelds

22 “Te(m ~m3) * (m® — ) dm 2w + m, + moy
\ 1

BCr. = - (g
= (m) l‘(me + m3)(m? — m22) (mg, - m3) Y

-~
%

gh0e KI VOVN

m2m23 [Bm-—l mem(mla + m2m3) + (ml + m3)(m12 - m22) iy
(T + 13) "

- I
memlme . mq \!ml + Mg - ane(ml - m3) + (m]_E + m2m3)

cos (7
(mo? ~m2)  (mg—mg)¥2 ) (mg + mg)

For the special case of cross—etrean tlps — that 1s, for m3—r» — equation (7) reduces to

T .

o) Dy Y]
]:!UIU’!‘-: l" — - mf-—mgﬂl-m)“ +
o |7 J

aPmy3 o + M2 — my? (1 - w)
ain™ Ell—- ~ ginL = = e + cog™L mg__—__ (8)
(me? — my )3/2 mp T B0 oy
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Damping-in~Roll Derivative C Tp

In a mesnner anslogous.to the procedure employed in the previous
section for Cf , the rolling moment is determined for an elemental

triangle and the result ls integrated over the wing area to enable the
eveluation of C'LP for the complete wing. '

The rolling mcoment of an elemental triangle 1s
dL! = —yp 4L (9)

vhere yg 1s the perperdicular distence from the roll axls to the point

on the trlangle where the resultent 1ift acts. It can be shown that,
vwhen the pressure is of the form x F(7) (as is indeed the case for

rolling — see equation (3)), the resultant 1ift acts at the %-—chord.
point of the triengle, that—is, at %xl '

Since the y——coordinate of—this point is

IR = % X191 (10)

and the 1ift (due to rolling) on sn elemsntsl triangle is

X1
aL = (AP),6, dn x ax

3 1l- 1']2

dy . (11)
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the followlng integral form for Czp mey be obbained from consideratiom
of equations (4b), (5), (9), (10}, and (11): '

2 d

C. = —_— d_T_,' .
D 2 pb A
pV=Sb 9 =F |
mo (ml + m3 — m3m
ml (Dl'ﬂe + ml + I )
_ _chheohl(ml)meh 3 n°an 3
b8 (mp - nml)l" V1 -2
0
2 L 1 5
b5 (my + m3) T(mg) 724n

_ - m (12)
me_(ml + mg —rg3w)(m3 )TN -

my cbm2+ml+m3

8s

my



Integration and simplificatiocn ylelds

et

/jﬁs{(ﬁ*%‘%)ﬁﬂh+1%%za"ﬁ“)(ﬁ + 2y =)+ (mo + 1
)| b\ [ et - emme - ] melane 23 (mm m 4 xge) | Voo
(a2 - m2)3

- nEo+n1+n3)2_n22(mﬂ_Tna_l§_,,)2+
3.12#%_,_.3)3

275k ® + 2,2) et mga(m® + mmq) + (my + ma)(m® - mf) et E_, _ mymg3(emy® + 138%) )
ymem(ag + 3) e 3 _

/
r, ma(m, + 43 — waifng (m 1= — amg) (G’ +
Y%a-ae =)« mgfmm 4y« g)(em’ + J S
) ! ,I 2, mf - + e, Dy B — + 4 2, S+ . I .
agf(m m;.) b S i M e B i S 3ol 2,8 E o 1) (o 4o f ey | &
e A (v + =) fugf{m, +x5)3(me + 25)3

ghoe NI VOVN




For the special cege of cross—stream tips — that 1a, ma3+» — aquation (13) reduces to

s

) | ob [ mmi(em? ¢ 13)
16 (mle - m22)3 3

L

BC'LP==—

[.m23 {(l - ao_) [Emgl" —_ leleng - m(Sml,* + 10"1121"22 - m._,-_,)'il +]

L
m2 (2'112 + 13’”22)} \fml2 - m2(1 — w)2
3m12<1’3

(14)

802 NI VOVN

€T
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Tt should be noted that the I(my) function present in the formulas
for rolling, as well as the B! (ml) Punction in the case of 1ift, are
elliptic functions. For purposes of. convenlence in applying the finsal

1
formlas, variations of E"(m) = :
E* (m )

end I(mj) with m; are pre—

sented In flgure 5.
RESUITS AND DISCUSSION

As stated previously, the equations are derived specifically for
wings with subsonic leading edges, supersonic trailing edges, end super—
sonic wing tips. The design charts presented, however, include cases
for subsonlc wing tips and subsonic trailing edges. The approximations
used to correct for the subsonic tips are based on formulas (for wings
with streamwlse tips) presented in reference 7, modified to take into
eccount differences in wing—tip configurations. The approximations used
to correct for certain classes of subsonic trailing edgee (those cases
where the Mach lines from the epex of the trailing edge intersect the
tip) ere based on medifications of-both reference 9 and some unpublished
regearch., All numerical calculations for the design charte (figs. 6
to 9) based entirely on the equations derived in the present paper are
represented by those solid—line portions of the curves to the right of
the boundary line. Those computations incorporating the aforementioned
corrections and approximestione for subsonic tips and subsonic tralling
edges are indicated by the solid—line portions of the curves to the
left of-the boundary line. The dashed portiocns of the curves (which
refer to plan forms with subsonic trailing edges where the Mach lines
from the apex of the tralling edge intersect the leadlng edge) are
glven merely as & gulde and do not represent actuasl calculations. The
gsections of the dashed curves adjacent to the solid sections are belleved
to give falr approximations; the sectlons of the dashed curves remote
Prom the solid sections may, be quite inaccurate and should be used only
a8 rough approximations. Information relative to the quentitative
evaluation of the 1ift and damping in roll for such cases may be found
in reflerences 13 and lll-, respectively.

*



Two types of reked~in tlps were oconsidered for calculaticn purposes: the special case
of cross—strean tips (0' = -’-Ef-) for whilch the geomstric parameter ® becomes E
' =
- 5
by (1 = Ag) + AB(L + &) ~ \(AEBQ(I + )2 = By AB(L + A,2) + 16my?(1 - hg)?
o, = (15a)
2 _ 2AB

and the cape where the rake angle equels the tralling-edge ahgle (o = B) for which the
paremeter o I8 expressible as

by (2~ M) + a1 + xs) - \JAeBe(l + 15)2 — 8ABm + 16m19(1 - xs)ﬂ
@ 5= - (15b)
A‘B(E - l’fa42)

T s‘lmf: Aﬂ)m, the derived formilas for BCr (equations (7)
end  (8)) and BC;P (equations (13) and (14)) are readily ssen to be functions of the param—

oters AB, B cot A, and Ag. Design charts were prepared in terms of these perameters and are
presented in figures 6 to 9, Figures 6 and T present lift—curve-slope calculations of the

wings with reked—in tips (¢ = 8) and cross—stream tips (a = g), respectively; corresponding
charts for damping in roll are given In figures 8 and 9.

Tnaemich as ml=BcbtA and m, =

€T
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For illustrative purposes, some specific veriatioms of the
derivatives Cp ~and Oy with each of the paresmeters — aspect ratio,
@ D

taper ratio, Mach number, and leading-edge sweep — are presented in
figures 10 and 11, respectively. Comparison.wlth results obtalned from
reference T for streamwise tips 1s iIndicated in each figure.

CONCIUDING REMARKS

On the basis of the linearized theory Por supersonic flow, the 1ift=
curve slope Cp  and the damping-in—roll derivatlve Czp have been
o

eveluated for families of thin eweptback tepered wings with raked—in
and cross—stream wing tips for s limited range of supersonlic speeds.

Results of the analysis are presented in the form of design charts
which permit rapid estimation of the derivatives. Some illustrative
variations of the derivatives with aspect ratio, taper ratio, Mach
number, and leading-edge sweep are also presented and compared with
corresponding data for wings with streamwlse tips.

Langley Aercnauticel Laboratory
Netional Advisory Committee for Aeronsutics
Iaengley Air Force Base, Va., December 8, 1949
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(a) Notation and body axes used in analysis,

(b) Stability axes. Force and moment arrangement in principal
body axes system is identical with that—of stability axes
system. (Principal body axes dashed in for comparison,)

Figure 2.- System of axes and assoclated dsta.
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Figure b.- Sketch of right panel of wing showing an elemental trlangle
and essociated data pertinent to integration limits. Relation_

Y and ‘equation of line connecting O and T:
X tan € :

> 'ml g - MO
ﬂ "'Eaf(wmg +mp +mg )

for x, y, n: 7 =
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with ml . -
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(a) Ag = 0.25.

Figure 8.- Variation of -BC with B cot A for wings with raked-in
lp

tips (0 = 8). See section entitled "Results and Discussion" for
significance of boundary line and dashed portions of curves.
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Figure 8.- Continued.
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Figure 9.- Variation of ~-BCy with B cot A for W'ihgs with cross-

gtream tips (o' = g) See section entitled "Results and Discussion"
for significance of boundary line and dashed portions of curves.
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Figure 9.- Continued.
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Figure 10.- Some illustrative varlations of lift-curve slope CL@ with
Mach number, sweepback, teper ratio, and aspect ratio for wings with
cross-stream tips (c = -g), reked-in tips (o = 8), and streamwise

tips (0 = O - data from reference 7). Sample wings sketched in
figure have following characteristics: A =k, Ag = 0.5, A = 53°,

and constant wing area.
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Figure 11.- Some illustrative variations of demping-in-roll derivative "C'Lp

with Mach number, sweepback, taper ratio, and aspect ratio for wings

with cross-stream tips (c =g , raked-in tips (o = 8), and streamwlse

tips (0 = O - data from reference T). Sample wings sketched in figure
have following characteristics: A = 4, Ag = 0.5, A = 53°, and
constant wing ares. :
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